Abstract. Let X be a linearly ordered set of arbitrary size (finite or infinite). Natural functions on such a set one can define using the linear order include maximum, minimum and median functions. While it is clear what the clone generated by the maximum or the minimum looks like, this is not obvious for median functions. We show that every clone on X contains either no median function or all median functions, that is, the median functions generate each other.
1. Introduction 1.1. Preliminaries. Let X be a set and denote by O (n) the set of all n-ary functions on X. Then O = ∞ n=1 O (n) is the set of all functions on X. A clone C over X is a subset of O which contains the projections and which is closed under compositions. The set of all clones over X forms a complete lattice Clone(X) with respect to inclusion. This lattice is a subset of the power set of O.
A minimal clone on X is a minimal element in the lattice Clone(X)\{J }, where J is the trivial clone containing only the projections. Apparently every minimal clone is generated by a single nontrivial function. Functions which generate minimal clones are called minimal as well.
1.2. Notation. For a set of functions F we shall denote the smallest clone containing F by F . For a positive rational number q we write ⌊q⌋ = max{n ∈ N : n ≤ q} and ⌈q⌉ = min{n ∈ N : q ≤ n}.
If a ∈ X n is an n-tuple and 1 ≤ k ≤ n we write a k for the k-th component of a. We will assume X to be linearly ordered by the relation <. We let ≤ carry the obvious meaning.
The median functions
Assume X to be linearly ordered. We emphasize that the cardinality of X is not relevant. For all n ≥ 1 and all 1 ≤ k ≤ n we define a function
In words, the function m n k returns the k-th smallest element from an n-tuple. For example, m n n is the maximum function max n and m n 1 the minimum function min n in n variables. If n is an odd number then we call m n n+1 2 the n-th median function and denote this function by med n . It is easy to check what the clones generated by the functions max and min look like:
{min n } = {min k : k ≥ 2} ∪ J where n ≥ 2 is arbitrary. In particular, the two clones are minimal. Now it is natural to ask which of these properties hold for the functions "in between", that is the m n k as defined before, most importantly the median functions. We will show that {med n } ⊇ {med k : k ≥ 3 and odd} ∪ J but one readily constructs functions in that clone which are not a median function and not a projection. However, R. Pöschel and L. Kalužnin observed in [1] , Theorem 4.4.5, that the median of three variables (and hence by our result, all medians) does generate a minimal clone. Fact 1. The clone generated by the function med 3 is minimal.
Main theorem.
Main Theorem 2. Let k, n ≥ 3 be odd natural numbers. Then med k ∈ {med n } . In other words, a clone contains either no median function or all median functions.
We split the proof of the theorem into a sequence of lemmas.
Definition 3. Let k, n ≥ 1 be natural numbers. Denote by R( n k ) the remainder of the division n k . We say that n is almost divisible by k iff either R(
Note that n is almost divisible by k if it is divisible by k. The following lemma tells us which medians of smaller arity are generated by med n by simple identification of variables.
Lemma 4. Let k ≤ n be odd natural numbers. If n is almost divisible by k, then med k ∈ {med n } .
Proof. We claim that
where x j occurs in the n-tuple ⌊ 2 components larger than x j . Thus in our n-tuple, there are at most
In the latter case,
Thus in either of the cases, we can calculate from (1)
and so med n yields x j . Case 2.
In the first case, we see that
≤ n 2 components which are smaller (larger) than x j . This finishes the proof.
Corollary 6. Let n ≥ 3 be odd. Then med 3 ∈ {med n } .
Proof. Simply observe that all n ≥ 4 are almost divisible by 3.
Majority functions.
We have seen that we can get small (that is, of small arity) median functions out of large ones. The other way we go with the help of majority functions.
Definition 7. Let f ∈ O (n) . We say that f is a majority function iff f (x 1 , ..., x n ) = x whenever the value x occurs at least ⌈ n+1 2 ⌉ times among (x 1 , ..., x n ).
Note that med n is a majority function for all odd n. We observe now that we can build a ternary majority function from most larger ones by identifying variables.
Lemma 8. Let n ≥ 5 and let maj n ∈ O (n) be a majority function. Then maj n generates a majority function of three arguments.
Proof. Set maj 3 = maj n (x 1 , ..., x 1 , x 2 , ..., x 2 , x 3 , ..., x 3 ), where x j occurs in the n-tuple ⌊ n 3 ⌋ + 1 times if j ≤ R( n 3 ) and ⌊ n 3 ⌋ times otherwise. It is readily verified that maj 3 is a majority function.
The following lemma tells us that we can generate majority functions of even arity from majority functions of odd arity.
Lemma 9. Let n ≥ 2 be an even natural number. Then we can get an n-ary majority function maj n out of any n + 1-ary majority function maj n+1 .
Proof. Set maj n (x 1 , ..., x n ) = maj n+1 (x 1 , ..., x n , x n ) and let x ∈ X have a majority among (x 1 , ..., x n ). Since n is even, x occurs n 2 + 1 times in the tuple which is enough for a majority in the n + 1-tuple (x 1 , ..., x n , x n ).
We now show that we can construct large majority functions out of small ones. This has already been known but we include an own proof here.
Lemma 10. Let n ≥ 5 be a natural number. Then we can construct an n-ary majority function out of any (n − 2)-ary majority function maj n−2 .
Proof. For 2 ≤ j ≤ n − 1 and 1 ≤ i ≤ n − 1 with i = j we define functions
In words, given an n-tuple (x 1 , ..., x n ), γ .., z n−1 ). The function f is an n-ary term of depth three over {maj n−2 }. Claim. f is a majority function. We prove our claim for the case where n is odd. The same proof works in the even case, the only difference being that the counting is slightly different (a majority occurs n+2 2 times instead of n+1 2 and so on). We leave the verification of this to the diligent reader.
Assume x ∈ X has a majority. If x occurs more than n+1 2 times, then it is readily verified that all the γ j i yield x and so do all z j and so does f . So say x appears exactly n+1 2 times among the variables of f . Next we observe that if x j = x, then z j = x: For if γ j i = x, then both components left away in γ j i , that is, x i and the component after x i which is not x j , have to be equal to x. We can count
Thus, z j = x. Now we shall count a second time to see that if x 1 = x or x n = x, then f = x: Say without loss of generality x 1 = x. Then |{2 ≤ j ≤ n − 1 : x j = x}| ≥ n + 1 2 − 1 = n − 1 2 and since we have seen that z j = x for all such j we indeed obtain f = x.
In a last step we consider the case where both x 1 = x and x n = x. Let k = min{i : x i = x} and l = max{i : x i = x}. Since n ≥ 5 those two indices are not equal. Count
Thus, z l = x and we count for the last time
We conclude that if a clone contains a majority function, then it contains majority functions of all arities.
Corollary 11. Let n, k ≥ 3 be natural numbers. Assume maj n ∈ O (n) is any majority function. Then maj n generates a majority function in O (k) .
Proof. If k ≥ n and n, k are either both even or both odd, then we can iterate Lemma 10 to generate a majority function of arity k. Lemma 9 cares for the case when k is even but n is odd.
In all other cases with n ≥ 5, generate a ternary majority function from maj n first with the help of Lemma 8 and follow the procedure just described for the other case.
Finally, if n = 4, we can build a majority function maj 6 from maj 4 first and are back in one of the other cases. Now we use the large majority functions to obtain large median functions.
Lemma 12. For all odd n ≥ 3 there exists b ≥ n such that med n ∈ {med 3 , maj b } for an arbitrary b-ary majority function maj b .
Proof. Let n be given. Our strategy to calculate the median from an n-tuple will be the following: We apply med 3 to all possible selections of three elements of the n-tuple. The results we write to an n 1 -tuple, from which we again take all possible selections of three elements. We apply med 3 again to these selections and so forth. Now the true median of the original n-tuple "wins" much more often in this procedure than the other elements, so that after a finite number of steps (a number we can give a bound for) more than half of the components of the then giant tuple have the true median as their value. To that tuple we apply a majority function and obtain the median.
In detail, we define two sequences (n j ) j∈ω and (k j ) j∈ω by n 0 = n, n j+1 = n j 3 and
The sequences have the following meaning: Given an n j -tuple, there are n j+1 possible selections of three elements of the tuple to which we apply the median med 3 . If the median of the n j -tuple (which is equal to the median of the n 0 = n-tuple) appeared k j times there, then it appears at least k j+1 times in the resulting n j+1 -tuple. Read k j+1 as follows: We assume the worst case, namely that the median occurs only once in the original n-tuple, so k 0 = 1. If we pick three elements from the n j -tuple and calculate med 3 , then the result is the median we are looking for if either all three elements are equal to the median ( k j 3 possibilities) or two are equal to the median ( k j 2 (n j − k j ) possibilities) or one is equal to the median, one is smaller, and one is larger (
for j ≥ 0 to be the relative frequency of the median in the tuple after j steps. We claim that lim sup(r j ) j∈ω = 1:
Further calculation yields
Suppose towards contradiction that (r j ) j∈ω is bounded away from 1 by p : r j < p < 1 for all j ∈ ω. Choose j large enough so that
Corollary 16. Let n ≥ 2 and 1 ≤ k ≤ n. Then m n k is minimal iff k = 1 or k = n or n is odd and k = n+1 2 . That is, the minimal functions among the m n k are exactly the maximum, the minimum and the median functions. 2.4. Remarks. For even natural numbers n we did not define median functions. One could consider the so-called "lower median" instead:
But as a consequence of the preceding corollary, med low n is not generated by the real medians and does therefore not serve as a perfect substitute. For the same reason, the "upper median" 
+1
is not an ideal replacement either.
However, the other direction almost works: med If the order induced by the lattice on X is a chain, this definition agrees with our definition of m n k . However, although we can get med 3 out of med n just like described in Remark 13, our proof to obtain large medians via majority functions fails. We do not know under which conditions on the lattice the same results can be obtained.
